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Abstract: We present a simple general relation between tree-level exchanges in AdS and
dS. This relation allows to directly import techniques and results for AdS Witten diagrams,
both in position and momentum space, to boundary correlation functions in dS. In this
work we apply this relation to define Mellin amplitudes and a spectral representation for
exchanges in dS. We also derive the conformal block decomposition of a dS exchange, both
in the direct and crossed channels, from their AdS counterparts. The relation between AdS
and dS exchanges itself is derived using a recently introduced Mellin-Barnes representation
for boundary correlators in momentum space, where (A)dS exchanges are straightforwardly
fixed by a combination of factorisation, conformal symmetry and boundary conditions.
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1 Introduction
The last decade has seen significant progress in our understanding of scattering in anti-de
Sitter (AdS) space. Through the AdS/CFT correspondence [1] we can reformulate scatter-
ing processes in AdS in terms of correlation functions in Conformal Field Theory (CFT),
which are sharply defined by the requirements of Conformal Symmetry, Unitarity and a
consistent Operator Product (OPE) expansion. Accordingly, numerous highly effective
techniques for the study of scattering in AdS have been developed within the Conformal
Bootstrap programme, including: Mellin amplitudes [2, 3]; Spectral Representation [4, 5];
Large Spin Expansion [6–8]; dispersion relations and inversion formulae [9–11].
With this note we take some simple steps towards extending some of these techniques
to scattering in de Sitter (dS) space. Conformal Symmetry has indeed been effective in
constraining boundary observables in dS in numerous previous works [12–16], most recently
within the Cosmological Bootstrap programme [17–24] which at the same time aims to im-
port techniques and ideas from the scattering amplitudes in flat space. Our understanding
of the properties required of consistent correlation functions in Euclidean CFTs dual to
physics in dS is, however, very primordial compared to that which we enjoy in AdS. In this
work we aim to take some small (though, we hope, useful) steps towards closing the gap
between the Conformal Bootstrap and Cosmological Bootstrap programmes. In particular,
using the Mellin-Barnes representation for momentum space boundary correlators intro-
duced in [20, 21], we strengthen the connection between in-in correlators on the late-time
boundary of dS and Witten diagrams in AdS. This allows us to present a simple general
relation (4.10) between exchanges in dS and AdS at tree-level, allowing us to directly im-
port AdS techniques (both in position- and momentum-space1) to in-in correlators in dS,
which we briefly explore in the final section of this work. This includes: Spectral represen-
tation §5.1 and Mellin amplitudes §5.2 for dS exchanges, as well as their Conformal Block
decomposition both in the direct and crossed channels §5.3.
The Mellin-Barnes representation [20, 21] itself provides us a new systematic under-
standing of boundary correlators in AdS and dS. As we shall see, it allows to straightfor-
wardly reconstruct an exchange diagram from its on-shell part. The latter is fixed by a
combination of factorisation, conformal symmetry and boundary conditions which, as we
shall see, can be seamlessly implemented using the Mellin-Barnes representation.
In this note we aim to avoid technical clutter, which for the intrepid reader we shall
present in full glory elsewhere [37].
Notation and Conventions Whenever referring to the bulk of EAdS and dS we use
Poincare´ coordinates:
ds2EAdS =
dz2 + dx2
z2
, ds2dS =
−dη2 + dx2
η2
, (1.1)
where z ∈ [0,∞) and η ∈ (−∞, 0]. The three-dimensional vector x parameterises the
boundary directions and k will denote the boundary momentum. Overall momentum
1See e.g. [25–31] for studies of Witten diagrams in momentum-space, as well as e.g. [32–36] in dS.
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conserving delta functions will always be left implicit. Often we will parameterise scaling
dimensions ∆± and ∆j as: ∆± =
d
2 ± iµ and ∆j = d2 + iµj . Unless specified the latter
scaling dimensions will be kept generic throughout, though ultimately one should restrict
to the unitary values appropriate to the space-time (AdS or dS) under consideration.
2 (A)dS Propagators
In this section we review some relevant aspects of propagators in (A)dS.
Bulk-Boundary Propagators. The in-in bulk-boundary propagators in dS for the ∆ =
∆± modes in Poincare´ coordinates (1.1) can be obtained from their counterparts in EAdS
through the analytic continuation z = −η e± ipi2 :
K
dS,±
∆,J (η,k) = K
AdS
∆,J
(
−η e± ipi2 ,k
)
. (2.1)
Bulk-boundary propagators in EAdS for scalar fields are given by a modified Bessel function
of the second kind in Poincare´ coordinates [38]. Bulk-boundary propagators for spinning
fields (see e.g. [25]) with the same ∆ can be obtained from the latter by acting with a
differential operator in the boundary momentum k [39].
Using the Mellin-Barnes representation of bulk-boundary propagators, the analytic
continuation (2.1) reduces to multiplying the AdS bulk-boundary propagator by a simple
phase. For scalar fields the Mellin-Barnes representation reads [20, 21]:
KAdS∆,J (z,k) =
∫ +i∞
−i∞
[ds] KAdS∆,J (z,k, s) , (2.2a)
KAdS∆,0 (z,k, s) =
zd−∆
2
√
π Γ
(
∆− d2
) Γ (s+ 12 (∆− d2))Γ (s− 12 (∆− d2)) (z|k|2 )2s+∆− d2 , (2.2b)
where [ds] = ds2pii . We often refer to variables s as an external Mellin variables, which are
associated to external legs. From this one can write down the relation,
K
dS,±
∆,J (η,k, s) = e
∓
(
s+
1
2
(
∆−
d
2
))
pii
KAdS∆,J (−η,k, s) . (2.3)
This also holds for fields of spin-J , which can be understood from the relation between
spinning and scalar bulk-boundary propagators given in [39].
Bulk-Bulk Propagators. For bulk-bulk propagators it is useful to consider a special
class of bi-local Eigenfunctions of the Laplacian,
(
∇21 −m2
)
ΩAdSµ,J (x1;x2) = 0, m
2 = − (∆+∆− + J) , ∆± = d
2
± iµ, (2.4)
which are non-singular in the short distance limit. In momentum space on the boundary
these are given by the following product of bulk-boundary propagators [5, 40]:
ΩAdSµ,J (z1,k; z2,−k) =
µ2
π
KAdS∆+,J (z1,k)K
AdS
∆−,J (z2,−k) , (2.5)
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often referred to as the split representation in the literature. Such harmonic functions
are a complete basis for bi-local functions in AdS [5]. The bulk-bulk propagator for the
normalisable i.e. ∆+ boundary condition admits the following spectral representation
[5, 41]:
ΠAdS∆+,J (z1,k; z2,−k) =
∫ ∞
−∞
dν
ν2 +
(
∆+ − d2
)2 ΩAdSν,J (z1,k; z2,−k) + . . . , (2.6)
where the . . . denote lower spin contact terms. For the non-normalisable boundary condi-
tion ∆− the spectral integral is supplemented by a single harmonic function (2.5),
2
ΠAdS∆−,J (z1,k; z2,−k) =
2πi
µ
ΩAdSµ,J (z1,k; z2,−k)
+
∫ ∞
−∞
dν
ν2 +
(
∆+ − d2
)2 ΩAdSν,J (z1,k; z2,−k) + . . . . (2.7)
Propagators for the ∆± modes are placed on an equal footing by adopting the Mellin-Barnes
representation,
ΠAdS∆±,J (z1,k; z2,−k) =
∫ i∞
−i∞
dudu¯
(2πi)2
ΠAdS∆±,J (z1,k, u; z2,−k, u¯) , (2.8)
where the spectral integral can be lifted [21]:
ΠAdS∆±,J (z1,k, u; z2,−k, u¯) = csc (π (u+ u¯))ω∆± (u, u¯)
× Γ(iµ)Γ(−iµ)ΩAdSµ,J (z1,k, u; z2,−k, u¯) , (2.9)
with
ω∆± (u, u¯) = 2 sin
(
u∓ iµ2
)
sin
(
u¯∓ iµ2
)
. (2.10)
We often refer to u and u¯ as internal Mellin variables, which are associated to an internal
leg. The Mellin-Barnes representation of the harmonic function (2.5) is inherited from that
of its constituent bulk-boundary propagators,
ΩAdSµ,J (z1,k, u; z2,−k, u¯) =
µ2
π
KAdS∆+,J (z1,k, u)K
AdS
∆−,J (z2,−k, u¯) . (2.11)
The discontinuity of (2.9) with respect to s = |k|2 gives the corresponding on-shell
propagator, which for the ± modes reads
Discs
[
ΠAdS∆±,J (z1,k, u; z2,−k, u¯)
]
= ω∆± (u, u¯) Γ(iµ)Γ(−iµ)ΩAdSµ,J (z1,k, u; z2,−k, u¯) , (2.12)
2This is because harmonic functions on the Principal series µ = ν ∈ R are only a complete basis for
normalisable functions.
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and encodes the physical exchanged single-particle state. The contact terms in the exchange
are instead encoded by the factor csc (π (u+ u¯)) in the full propagator, which is killed by
the discontinuity through the identity
Discs
[
|k|2(u+u¯)
]
= sin (π (u+ u¯)) |k|2(u+u¯). (2.13)
In other words, at the level of the Mellin-Barnes representation the full propagator is
reconstructed from its on-shell part by multiplying with the factor csc (π (u+ u¯)).
The functions ω∆± (u, u¯) can be regarded as projectors onto the ∆± modes. A single
harmonic function (2.5), being symmetric under µ → −µ, is a specific linear combination
of ∆± modes. The zeros of ω∆± (u, u¯) overlap with the poles in the Mellin-Barnes repre-
sentation (2.11) of the harmonic function that generate the ∆∓ mode contributions, thus
projecting them out. The Mellin-Barnes representation of the most general propagator in
AdS is a linear combination of the two:
ΠAdSα∆++β∆−,J (z1,k, u; z2,−k, u¯) = csc (π (u+ u¯))︸ ︷︷ ︸
contact terms
[
αω∆+ (u, u¯) + β ω∆− (u, u¯)
]
︸ ︷︷ ︸
boundary conditions
× Γ(iµ)Γ(−iµ)ΩAdSµ,J (z1,k, u; z2,−k, u¯)︸ ︷︷ ︸
harmonic function
. (2.14)
The Mellin-Barnes representation of in-in propagators in dS takes the same form. In
particular, the most general dS bulk-bulk propagator for the ±±ˆ branches of the in-in
contour reads
ΠdS,±±ˆα∆++β∆−,J (η1,k, u; η2,−k, u¯) = csc (π (u+ u¯))︸ ︷︷ ︸
contact terms
[
α±±ˆ ω∆+ (u, u¯) + β±±ˆ ω∆− (u, u¯)
]
︸ ︷︷ ︸
boundary conditions
× Γ(iµ)Γ(−iµ)ΩdS,±±ˆµ,J (η1,k, u; η2,−k, u¯)︸ ︷︷ ︸
harmonic function
, (2.15)
where the ±±ˆ harmonic function is the following analytic continuation of the AdS harmonic
function (2.5):
ΩdS,±,±ˆµ,J (η1,k; η2,−k) = ΩAdSµ,J
(
−η1e±
ipi
2 ,k;−η2e±ˆ
ipi
2 ,−k
)
(2.16a)
=
µ2
π
K±∆+,J (η1,k)K
±ˆ
∆−,J
(η2,−k) , (2.16b)
where in the second equality we used the analytic continuations (2.1) of the AdS bulk-
boundary propagators.
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The precise linear combination of ∆± modes appearing in the dS in-in propagators
(2.15) is fixed by the choice of vacuum at early times, which determines the boundary (or
late time) behaviour of the exchanged field. The Bunch Davies (B.D.) vacuum corresponds
to the choice
αB.D.++ = +
1
8
[cot (πµi)− i] , αB.D.−− = +
1
8
[cot (πµi) + i] , (2.17a)
βB.D.++ = −
1
8
[cot (πµi) + i] , βB.D.−− = −
1
8
[cot (πµi)− i] , (2.17b)
αB.D.±∓ = −
1
2
csc (πµi) , βB.D.±∓ = +
1
2
csc (πµi) . (2.17c)
The fact that these coefficients are different for each of the in-in propagators (2.15) tells us
that they cannot be regarded as analytic continuations of one and the same AdS bulk-bulk
propagator (2.14). Instead, the in-in propagators are analytic continuations of different
AdS bulk-bulk propagators i.e. with different αs and βs. Similar statements about vacuum
expectation values in dS not being analytic continuations of those in AdS have been made
in previous works e.g. [42–44]. We hope this work provides further clarification.
3 Three-point (A)dS Contact Diagrams
The Mellin-Barnes representation of a three-point contact diagram in (A)dS for fields of
spin J1-J2-J3 is defined as
A(A)dSµ1,J1;µ2,J2;µ3,J3 (k1,k2,k3) =
∫ +i∞
−i∞
[ds]3 A(A)dSµ1,J1;µ2,J2;µ3,J3 (k1, s1;k2, s2;k3, s3) , (3.1)
where [ds]3 =
3∏
j
dsj
2pii and
A(A)dSµ1,J1;µ2,J2;µ3,J3 (k1, s1;k2, s2;k3, s3) = δ
(
x
4 − s1 − s2 − s3
)
C
(A)dS
µ1,J1;µ2,J2;µ3,J3
(s1, s2, s3|ξk · kj , ξk · ξj)
× ρµ1,µ2,µ3 (s1, s2, s3)
3∏
j=1
(
kj
2
)−2sj+iµj
. (3.2)
The function ρµ1,µ2,µ3 (s1, s2, s3) carries two infinite families of poles for each Mellin vari-
able,
ρµ1,µ2,µ3 (s1, s2, s3) =
3∏
j=1
1
2
√
π
Γ
(
sj +
iµj
2
)
Γ
(
sj − iµj2
)
. (3.3)
which are the poles in the Mellin-Barnes representation of the corresponding bulk-boundary
propagators (2.2), which are Bessel functions [25]. The function C
(A)dS
µ1,J1;µ2,J2;µ3,J3
encodes
the tensorial structure, which is a polynomial in the contractions (ξk · kj) and (ξk · ξj) with
the boundary polarization vectors ξi, and is a rational function of the Mellin variables sj.
In [21] we gave its explicit form for 3pt functions involving two scalars and a spin-J field.
The Dirac delta function in the Mellin-Barnes representation enforces a constraint
among the Mellin variables si coming from the Dilatation Ward identity (see e.g. [45] for
its form in momentum space), which requires
s1 + s2 + s3 =
x
4
, x = d+N, (3.4)
– 5 –
where N is the degree of the polynomial C
(A)dS
µ1,J1;µ2,J2;µ3,J3
in the contractions (ξk · kj). For
three-point functions involving two scalars and a spin-J field, for which the 3pt conformal
structure is unique, this is x = d+2J [21]. From a bulk perspective, the Dirac delta function
can be expressed as an integral over the bulk radial co-ordinate, which for Poincare´ co-
ordinates (1.1) in EAdS reads:
iπδ
(
x
4 − s1 − s2 − s3
)
= lim
z0→0
∫ ∞
z0
dz
z
z
x
2
−2(s1+s2+s3). (3.5)
Note that three-point contact diagrams in AdS and dS which are generated by the
same cubic vertex are given by the same tensorial structure, differing only by the 3pt
function coefficient. The precise proportionality constant between them can be worked
out straightforwardly using the relation (2.3) between the Mellin-Barnes representations of
bulk-boundary propagators in AdS and dS, which differ by a simple phase. In particular,
the ± branch three-point function in dS is obtained from its AdS counterpart by multiplying
each leg by the phase converting it to a ± branch bulk-boundary propagator in dS. The
resulting overall phase is a constant, as required by the Dilatation Ward identity (3.4):3
AdS,±µi,Ji (ki, si) = ±i e
[
∓
3∑
j=1
(
sj+
iµj
2
)
pii
]
AAdSµi,Ji (ki, si) (3.7a)
= ±i e
[
∓
(
x
4+
i(µ1+µ2+µ3)
2
)
pii
]
AAdSµi,Ji (ki, si) , (3.7b)
where in the second equality we used the constraint (3.4). The full in-in 3pt function is
the sum of the two, giving
AdSµi,Ji (ki, si) = AdS,+µi,Ji (ki, si) +A
dS,−
µi,Ji
(ki, si) (3.8a)
= 2 sin
[(
x
4 +
i(µ1+µ2+µ3)
2
)
π
]
AAdSµi,Ji (ki, si) . (3.8b)
This extends the results of [20, 21] to a general triplet of particles and cubic couplings.
Previous works on connecting 3pt AdS contact diagrams and their in-in counterparts in dS
include [14, 32, 46, 47].
4 Four-point (A)dS Exchanges
The on-shell exchange of a particle is represented in four-point functions on the boundary
of (A)dS space by Casimir invariants of the Conformal group. In particular, the source-free
equation of motion (2.4) satisfied by the corresponding on-shell propagator is equivalent
to the quadratic Casimir equation{
Cˆ2 −
[
J(d+ J − 2)−∆(d−∆)
]}
f∆,J (k1,k2;k3,k4) = 0 , (4.1)
3The additional ±i, which comes from analytic continuation of the bulk radial integral. For each external
leg one should also multiply by the factor
N±d
2
+iµj ,J
(η0) =
(
−η0e∓ ipi2
) d
2
+iµj−J Γ (−iµj)
2
√
pi
, (3.6)
coming from the boundary limit of the (Bunch Davies) bulk-bulk propagator (2.15). See [21] for the details.
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where Cˆ2 is the quadratic Casimir of the Conformal group. This is equivalent to the
homogeneous conformal invariance condition for exchanges introduced in [17] in the context
of the Cosmological Bootstrap. An on-shell exchange in (A)dS with general boundary
conditions is given by the general solution to this equation with a normalisation that is
fixed by on-shell factorisation.
Since boundary correlators dual to scattering processes in AdS are single valued func-
tions4 of the cross ratios in the Euclidean regime it is natural to consider single-valued
solutions Fµ,J to the quadratic Casimir equations, which we refer to as Conformal Partial
Waves [4]. These are the boundary counter parts of the bulk harmonic function Ωµ,J .
5
This duality is made manifest by the following representation of Conformal Partial Waves,
which is a specific product of three-point functions:
Fµ,J (k1,k2;k3,k4) = N〈O∆1 (k1)O∆2 (k2)O∆+,J (k)〉〈O∆−,J (−k)O∆3 (k3)O∆4 (k4)〉,
(4.2)
with normalisation N . For four-point exchanges in AdS we choose the normalisation6 that
is consistent with on-shell factorisation, defining
FAdSµ,J (k1,k2;k3,k4) = AAdSµ1,µ2;µ,J (k1,k2;k)AAdS−µ,J ;µ3,µ4 (−k;k3,k4) , (4.3)
which is the product of the three-point functions generated by the cubic vertices that
mediate the exchange. From a bulk perspective this is obtained by taking the expression
for the exchange in terms of propagators and replacing the bulk-bulk propagator with the
split representation (2.5) of the harmonic function Ωµ,J . To obtain the general solution
to the conformal invariance equation (4.1) we employ the duality between Fµ,J and Ωµ,J ,
where at the level of the Mellin-Barnes representation the most general boundary condition
is implemented by multiplying with an arbitrary linear combination of projectors (2.10):
Disc|k|2
[
AAdSα∆++β∆−,J (k1, s1,k2, s2;k3, s3,k4, s4)
]
=
[
αω∆+ (u, u¯) + β ω∆− (u, u¯)
]
︸ ︷︷ ︸
boundary conditions
× Γ(iµ)Γ(−iµ)FAdSµ,J (k1, s1,k2, s2;k3, s3,k4, s4)︸ ︷︷ ︸
Conformal Partial Wave
, (4.4)
where the Mellin-Barnes representation of the Conformal Partial Wave is simply
FAdSµ,J (k1,2, s1,2;k3,4, s3,4) = AAdSµ1,µ2;µ,J (k1,2, s1,2;k, u)AAdS−µ,J ;µ3,µ4 (−k, u¯;k3,4, s3,4) , (4.5)
which is inherited from the Mellin-Barnes representation (3.1) of the three-point functions.
4Below we will show that this is true also for exchanges in dS.
5Sometimes Conformal Partial Waves are themselves also referred to as harmonic functions, e.g. in
[9, 10]. Single-valuedness of the CPW is equivalent to the absence of a short distance singularity in ΩAdSµ,J .
6and, in the case of spinning external legs, a basis of three-point conformal structures.
– 7 –
Above we fixed the form of a general on-shell exchange in AdS by solving the Casimir
equation (4.1) and fixing the normalisation from on-shell factorisation. The full, off-shell,
exchange satisfies the same equation but with a contact term source on the r.h.s.. This
is equivalent to the equation of motion for the corresponding bulk-bulk propagator, which
has a delta function source on the r.h.s.. To obtain the full exchange one possibility
is to directly solve the conformal invariance equation (4.1) with a source [17], as was
done in [19] in the context of the Cosmological Bootstrap. Another possibility is to try
to reconstruct the solution to this equation from the knowledge of the solution to its
homogeneous counterpart (4.1) i.e. to reconstruct the full exchange from its on-shell part
(4.4). This is closer in spirit to generalised unitarity methods both in amplitudes [48] and
the conformal bootstrap [9, 49, 50]. As we saw in §2 this is straightforward at the level
of the Mellin-Barnes representation, where the bulk-bulk propagator is obtained from its
on-shell part by multiplying it with csc (π (u+ u¯)). The full exchange is therefore:
AAdSα∆++β∆−,J (k1,2, s1,2;k3,4, s3,4) = csc (π (u+ u¯))︸ ︷︷ ︸
contact terms
[
αω∆+ (u, u¯) + β ω∆− (u, u¯)
]
︸ ︷︷ ︸
boundary conditions
× Γ(iµ)Γ(−iµ)FAdSµ,J (k1,2, s1,2;k3,4, s3,4)︸ ︷︷ ︸
Conformal Partial Wave
. (4.6)
For exchanges in dS we proceed in exactly the same way: We first solve the homoge-
neous conformal invariance equation (4.1) for the on-shell ±±ˆ exchange, from which we
can straightforwardly reconstruct the full exchange. For the ±±ˆ exchange the conformal
partial wave is normalised as
FdS,±,±ˆµ,J (k1,k2;k3,k4) = AdS,±µ1,µ2;µ,J (k1,k2;k)A
dS,±ˆ
−µ,J ;µ3,µ4
(−k;k3,k4) , (4.7)
which is a product of the ± and ±ˆ three-point functions in dS. Following the above we can
then immediately write down the general solution for the full dS exchange:
AdSα∆++β∆−,J (k1,2, s1,2;k3,4, s3,4) =
∑
±±ˆ
csc (π (u+ u¯))︸ ︷︷ ︸
contact terms
[
α±±ˆ ω∆+ (u, u¯) + β±±ˆ ω∆− (u, u¯)
]
︸ ︷︷ ︸
boundary conditions
× Γ(iµ)Γ(−iµ)FdS,±±ˆµ,J (k1,2, s1,2;k3,4, s3,4)︸ ︷︷ ︸
Conformal Partial Wave
, (4.8)
where the full in-in exchange is the sum of ±±ˆ exchanges. Recall that the coefficients α±±ˆ
and β±±ˆ parameterise the choice of vacuum at early times, which for the Bunch Davies
vacuum corresponds to the choice (2.17).
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Let us emphasise that the CPW for dS exchanges (4.7) is proportional to that (4.3)
for exchanges in AdS since it amounts to a choice of normalisation that is determined by
the requirement of on-shell factorisation. The precise proportionality constant is given by
the proportionality constants between the ± and ±ˆ three-point functions in dS and their
AdS counterparts, which were given in §3. In particular,
FdS,±,±ˆµ,J (k1,k2;k3,k4) = e(d+2J+i(∓µ1∓µ2∓ˆµ3∓ˆµ4))
pii
2 FAdSµ,J (k1,k2;k3,k4) . (4.9)
This means that we can express any in-in exchange in dS as a sum of AdS exchanges AAdS∆±,J .
For the dS exchange in the Bunch Davies vacuum we have:7
AdS,B.D.µ,J =
1
2
csc
(
pi
2 (2∆− − d)
)
sin
(
pi
2 (∆1+2 +∆− + J − d)
)
sin
(
pi
2 (∆3+4 +∆− + J − d)
)AAdS∆−,J
+
1
2
csc
(
pi
2 (2∆+ − d)
)
sin
(
pi
2 (∆1+2 +∆+ + J − d)
)
sin
(
pi
2 (∆3+4 +∆+ + J − d)
)AAdS∆+,J ,
(4.10)
where ∆i+j ≡ ∆i + ∆j. This equation is the main result of this work. Let us emphasise
that, although this relation between dS and AdS exchanges was derived by exploiting the
Mellin-Barnes representation for momentum space, it holds also in position space. In this
way we can directly import to dS space the techniques and results enjoyed by both the
position and momentum space exchanges in AdS, some of which we shall explore in the
following section.
Note that the above relation between dS and AdS exchanges reproduces the OPE
limit of the dS exchange derived in [20, 21]. The factors multiplying each AdS exchange
are the products of sinusoidal factors (3.8b) from the corresponding 3pt contact diagrams.
A posteriori, one could have recovered the full expression for the dS exchange from its OPE
limit by completing each single-trace conformal block to its corresponding AdS exchange.
Assuming single-valuedness of the dS exchange, the result (4.10) would have then been the
unique possible solution. The way we arrived to the expression (4.10) indeed confirms that
single valuedness of dS exchanges would have been a valid assumption.
5 Spectral representation, Mellin amplitudes and Crossing in de Sitter
In the following we shall use the result (4.10) to establish the following: In §5.1 the position
space spectral representation for dS exchanges, which for AdS exchanges was given in [5, 41].
In §5.2 we will then define the Mellin amplitudes [2] for tree-level four-point functions in
dS from their AdS counterparts introduced in [3, 51, 52]. In §5.3 we shall write down
the crossing decomposition of dS exchanges in terms of known results for the conformal
block and crossing decomposition of their AdS counterparts. We briefly comment on the
Polyakov-Bootstrap [53, 54] for dS.
7Note that, as in section 3, for each external leg one should multiply by the factor (3.6).
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5.1 Spectral representation
The spectral representation decomposition of a conformal 4pt function reads [9, 10, 55]:
〈O1O2O3O4〉 = (non-norm.) +
∑
J
∫ ∞
−∞
dν a(ν)Fν,J , (5.1)
where the spectral integral captures only the normalisable part of the 4pt function and
a(ν) has poles at the scaling dimensions of physical exchanged primary operators. The
spectral representation of spinning AdS exchanges was given in [5] (and later on in [56]
for spinning external legs), which follows from the harmonic function decomposition (2.6)
and (2.7) of the bulk-bulk propagators. From the relation (4.10) we can then immediately
write down the spectral representation for exchanges in dS:
AdS,B.D.µ,J = − sin
(
pi
2 (∆1 +∆2 +∆− + J − d)
)
sin
(
pi
2 (∆3 +∆4 +∆− + J − d)
) FAdSµ,J︸ ︷︷ ︸
non-normalisable
1
2
sin
(
pi
2 (∆1 +∆2 +∆3 +∆4 + 2J − d)
) ∫ ∞
−∞
dν
1
ν2 +
(
∆+ − d2
)2 FAdSν,J , (5.2)
where the above spectral representation also formally extends to ∆+ on the principal series
using the appropriate ǫ-prescription, as was shown in §4.7 of [21].
Since it is a solution to the homoegeneous conformal invariance equation (4.1), the
CPW on the first line of (5.2) does not contain bulk contact terms. These are encoded
in the integral over the spectral parameter ν, from the residues of poles in the AdS 3pt
function coefficients. The relation (5.2) (and the expression (5.5) for the corresponding
Mellin amplitude) tell us that the 4pt contact terms are given by the AdS counterparts
multiplied by the factor sin
(
pi
2 (2J − d+
4∑
j=1
∆j)
)
. This was also observed in [20, 21] and
extends to 4pts the relation (3.8b) between 3pt AdS and dS contact diagrams.
5.2 Mellin amplitudes
The Mellin amplitude for the normalisable AdS exchange AAdS∆+,J is given by [3, 55]:8
MAdS∆+,J (s, t) = C∆1,∆2,∆+;JC∆3,∆4,∆+;J
∞∑
m=0
Qτ+,J |m(s)
t− τ+ − 2m + contact , (5.3)
where τ+ = ∆+−J is the twist and C∆i,∆j ,∆+;J are the OPE coefficients.9 The Qτ+,J |m(s)
are kinematic polynomials. We follow the conventions and notations of [55], to which
we refer the reader for details. The contact terms are simply polynomials in the Mellin
8See also [57, 58] on spinning external legs.
9More precisely these are C∆i,∆j,∆+;J = B∆i,∆j ,∆+;J/
√
C∆+,J . The factors B∆i,∆j ,∆±;J arise from the
bulk integration (see equation (131) of [5]) and C∆,J is the 2pt function coefficient.
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variables s, t, of degree no greater than J − 1. The Mellin amplitude associated to the
Conformal Partial Wave (4.3) is instead given by [59]
FAdSµ,J (s, t) = Nτ+,J B∆1,∆2,∆+;JB∆3,∆4,∆−;JΩJ(t)Pτ+,J(s, t) , (5.4a)
ΩJ(t) =
Γ
(
τ+−t
2
)
Γ
(
d−2J−t−τ+
2
)
Γ
(
−t+∆1+∆2
2
)
Γ
(
−t+∆3+∆4
2
) , (5.4b)
Nτ+,J =
1
Γ
(
τ++∆1−∆2
2
)
Γ
(
τ+−∆1+∆2
2
)
Γ
(
d−τ++∆3−∆4
2
)
Γ
(
d−τ+−∆3+∆4
2
) (5.4c)
where Pτ+,J(s, t) are the so-called Mack polynomials [2, 55]. For the latter we use the
normalisation employed in [58].
From (5.2) we can then immediately write down the Mellin amplitude for the dS
exchange (4.10):
MdS,B.D.µ,J (s, t) =
1
2
sin
(
pi
2 (∆1 +∆2 +∆3 +∆4 + 2J − d)
)MAdS∆+,J (s, t)
− sin (pi2 (∆1 +∆2 +∆− + J − d)) sin (pi2 (∆3 +∆4 +∆− + J − d)) FAdSµ,J (s, t) . (5.5)
Note that this result unlocks another tool for studying the flat limit of dS correla-
tors. So far, their flat limit has been explored mostly in momentum space by taking
kt ≡ |k1|+ |k2|+ |k3|+ |k4| → 0, which recovers the high energy limit of the correspond-
ing flat space amplitude [26, 32]. With the result (5.5), one can now also try to make use of
Penedones’ formula [3] relating a Mellin amplitude in a large-N CFT and the corresponding
flat space S-Matrix. For dS, naively one would write:
lim
R→∞
∫ +i∞
−i∞
dα eαα
d−∆1−∆2−∆3−∆4
2 MdS,B.D.µ,J
(
R2s
4α ,
R2t
4α ;∆j = iRmj
)
, (5.6)
up to an overall normalisation following from that of the bulk-boundary propagators.
5.3 Conformal Block Decomposition and Crossing
Using (4.10) the conformal block decomposition of dS exchanges can be written down from
the knowledge of the decomposition of their AdS counterparts AAdS∆±,J . The decomposition
of the s-channel dS exchange (4.10) in terms of direct channel conformal blocks reads:
(s)AdS,B.D.µ,J (u, v) = a∆+,Jg∆+,J(u, v) + a∆−,Jg∆−,J(u, v) (5.7)
+
J∑
n,J ′=0
[
(s)an,J ′|∆+,J +
(s)an,J ′|∆−,J
]
g∆1+∆2+2n,J ′(u, v)
+
J∑
n,J ′=0
[
(s)bn,J ′|∆+,J +
(s)bn,J ′|∆−,J
]
g∆3+∆4+2n,J ′(u, v) ,
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where the OPE coefficients are given in terms of their AdS counterparts via
a∆±,J
aAdS∆±,J
=
(s)an,J ′|∆±,J
(s)aAdS
n,J ′|∆±,J
=
(s)bn,J ′|∆±,J
(s)bAdS
n,J ′|∆±,J
=
1
2
csc
(
pi
2 (2∆± − d)
)
sin
(
pi
2 (∆1+2 +∆± + J − d)
)
sin
(
pi
2 (∆3+4 +∆± + J − d)
)
.
For the single-trace exchanges a∆±,J on the first line of (5.7), the AdS OPE coefficients
are simply (cf. footnote 9)
aAdS∆±,J =
B∆1,∆2,∆±;JB∆3,∆4,∆±;J
C∆±,J
. (5.8)
The AdS OPE coefficients aAdSn,J ′|∆±,J and b
AdS
n,J ′|∆±,J
for exchanges of double-trace operators
on the second and third lines of (5.7) are non-analytic in spin J ′. These have been computed
e.g. in [49, 54, 60–62].
We can also determine the conformal block decomposition of exchanges under crossing.
The decomposition of a t- or u-channel dS exchange in terms of direct channel conformal
blocks reads
(t,u)AdS,B.D.µ,J (u, v) =
∞∑
n,J ′=0
[
(t,u)adSn,J ′|∆+,J +
(t,u)adSn,J ′|∆−,J
]
g∆1+∆2+2n,J ′(u, v) (5.9)
+
∞∑
n,J ′=0
[
(t,u)bdSn,J ′|∆+,J +
(t,u)bdSn,J ′|∆−,J
]
g∆3+∆4+2n,J ′(u, v) ,
where now
(t)an,J ′|∆±,J
(t)aAdS
n,J ′|∆±,J
=
(t)bn,J ′|∆±,J
(t)bAdS
n,J ′|∆±,J
=
1
2
csc
(
pi
2 (2∆± − d)
)
sin
(
pi
2 (∆1+3 +∆± + J − d)
)
sin
(
pi
2 (∆2+4 +∆± + J − d)
)
,
and
(u)an,J ′|∆±,J
(u)aAdS
n,J ′|∆±,J
=
(u)bn,J ′|∆±,J
(u)bAdS
n,J ′|∆±,J
=
1
2
csc
(
pi
2 (2∆± − d)
)
sin
(
pi
2 (∆1+4 +∆± + J − d)
)
sin
(
pi
2 (∆2+3 +∆± + J − d)
)
.
The AdS OPE coefficients (t,u)aAdSn,J ′|∆±,J and
(t,u)bAdSn,J ′|∆±,J of double-trace operators induced
by crossed channel exchanges have a universal component that is analytic in spin J ′, which
have been computed in various works [49, 54, 60, 61, 63–65]. In [63] they were in particular
shown to be given by finite sums of Wilson functions. In addition to the analytic in spin
part there are also non-analytic in spin contributions coming from bulk contact terms,
which have been computed e.g. in [49, 54, 60–62, 66].
Regarding bulk exchanges as a basis to decompose CFT 4pt functions in the spirit of the
Polyakov Bootstrap [53, 54], the freedom to add bulk contact terms is a source of ambiguity
– 12 –
in the OPE data. A prescription to fix this contact term ambiguity for CFT correlators
dual to physics in AdS was proposed in [62, 67] (see also the related [68]). Given our result
(4.10), we expect this prescription and the corresponding (cyclic) Polyakov Blocks to carry
over to correlators in Euclidean CFTs dual to physics in dS, although their relevance at
the non-perturbative level in dS should be clarified.
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